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(1 ). $Dx^{2}\pm 1=ck^{n}(D,$ $k,$ $c$
$gcd(D, ck)=1$ ) $(x, n)(n>0)$






$\frac{x^{m}-1}{x-1}=\frac{y^{n}-1}{y-1}$ $(x>1,$ $y>1,$ $m>2,$ $n>2$ with $x>y)$ . (1)
(1) $(x, y, m, n)$ (5, 2, 3, 5), (90, 2, 3, 13)
$31= \frac{5^{3}-1}{5-1}=\frac{2^{5}-1}{2-1}$ , $8191= \frac{90^{3}-1}{90-1}=\frac{2^{13}-1}{2-1}$
Conjecture 1. (1) $(x, y, m, n)=(5,2,3,5),$ $(90,2,3,13)$
Baker, Davenport, Lewis, Schinzel, Shorey, Tijdeman $x,$ $y,$ $m,$ $n$
$(x, y, m, n)$
$x,$ $y,$ $m,$ $n$
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$(x, y, m, n)$
([Lel], [Le3], [Yul], [He] )
([Sh], [Lel] ). $y=2,$ $m=3$ (1) $y=2$ ,
$m=3$
$x^{2}+x+1= \frac{x^{3}-1}{x-1}=\frac{2^{n}-1}{2-1}=2^{n}-1$ $(x>2, n>2)$
$(x+ \frac{1}{2})^{2}+\frac{7}{4}=x^{2}+x+2=2^{n}$
$(2x+1)^{2}+7=2^{n+2}$
$y=2,$ $m=3$ (1) $(x, n)$
$X^{2}+7=2^{N}$
$(X, N)$




$(x, n)=(1,3),$ $(3,4),$ $(5,5),$ $(11,7),$ $(181,15)$ 5
Ramanujan Nagell $l$
(2) Ramanujan-Nagell Theorem 1 $y=2,$ $m=3$
(1) $(x, y, m, n)=(5,2,3,5),$ $(90,2,3,13)$
1.2 Generalized Ramanujan-Nagell
$D_{1},$ $D_{2}$ $D:=D_{1}D_{2},$ $k\geq 2$ $D$
Ramanujan-Nagell ;
$D_{1}x^{2}+D_{2}=\lambda^{2}k^{n}$ $(x, n\in \mathbb{Z}, x\geq 1, n\geq 1)$ . (3)
$\lambda\in\{1, \sqrt{2},2\}$ $k$ $\lambda=2,$ $\lambda\in\{\sqrt{2},2\}$ $D_{2}$
( ) Generalized Ramanujan-Nagell
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Remark 1. (3)
$D_{1}x^{2}+D_{2}=\lambda^{\prime 2}k^{n}$ $(x, n\in \mathbb{Z}, x\geq 1, n\geq 1)$ , (4)




(3) $\mathcal{N}(\lambda, D_{1}, D_{2}, k)$ General-
ized Ramanujan-Nagell
([BS] ). $(\lambda, D_{1}, D_{2}, k)$ (3)
Mahler Ap\’ery, Nagell, Beuk-
ers, Le Maohua, Bender, Herzberg, Heuberger([HL]) $k$
Theorem 2. (Le Maohua, [Le2], [Le3], Leu and Li, [LL]). $\mathcal{N}(2,1,7,2)=$
$5,$ $\mathcal{N}(2,3,5,2)=\mathcal{N}(2,1,11,3)=\mathcal{N}(2,1,19,5)=\mathcal{N}(1,2,1,3)=3$
$\mathcal{N}(\lambda, D_{1}, D_{2},p)\leq 2$ $p$
Theorem 2 $\mathcal{N}(\lambda,$ $D_{1},$ $D_{2,P)}>1$ $(\lambda, D_{1}, D_{2}, p)$
Bugeaud-Shorey
Theorem 3. (Bugeaud and Shorey, [BS]). $\mathcal{F},$ $\mathcal{G},$ $\mathcal{H}_{\lambda}\subset \mathbb{N}\cross \mathbb{N}\cross \mathbb{N}$
;
$\mathcal{F}:=\{(F_{k-2\epsilon}, L_{k+\epsilon}, F_{k})|k\geq 2, \epsilon\in\{\pm 1\}\}$ ,
$\mathcal{G}:=\{(1,4k^{r}-1, k)|k\geq 2, r\geq 1\}$ ,
$\mathcal{H}_{\lambda}:=\{$




$\{F_{n}\}$ Fibonacci $(F_{0} :=0, F_{1} :=1, F_{n+2} :=F_{n+1}+F_{n}(n\geq 0))$ ,
$\{L_{n}\}$ Lucas $(L_{0} :=2, L_{1} :=1, L_{n+2} :=L_{n+1}+L_{n}(n\geq 0))$
$k$ ( $k$ $p$ ),
$D_{1}x^{2}+D_{2}=\lambda^{2}p^{n}$ $x\geq 1,$ $n\geq 1$
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$(x, n)$ $(\mathcal{N}(\lambda, D_{1}, D_{2},p)\leq 1)$ ;
$(\lambda, D_{1}, D_{2},p)\in \mathcal{E}:=\{(2,13,3,2),(\sqrt{2},7,11,3),(1,2,1,3),(2,7, 1,2)(\sqrt{2},1,1,5),$$(\sqrt{2} 1 1,13),(2,1,3 7)’\}$
$(D_{1}, D_{2},p)\in \mathcal{F}\cup \mathcal{G}\cup \mathcal{H}_{\lambda}$ .
Theorem 3 $D_{1}x^{2}\pm D_{2y^{2}}=\lambda^{2}k^{z}$ $(\lambda=1,2)$ $(x, y, z)$
Le Mauhua([Le4]) ( )





$\lambda$ 1, $\sqrt{2},2$ $\lambda$ 1, $2,2$
[Yu2] (
$D_{1}x^{2}+D_{2}y^{2}=ck^{n}$ ), [Yu3], [SS]
Yuan ([Yu3])
Yuan
Theorem 4. (Yuan, [Yu3]). $c,$ $k$ $D$ $ck$
$Dx^{2}+1=ck^{n}$ $(x, n\in \mathbb{Z}, x\geq 1, n\geq 1)$ (5)
$n$ ) $N(D, c, k)$
(i) $N(D, 1, k)\leq 1$ ;
$N(2,1,3)=3,$ $N(6,1,7)=N(7,1,2)=2.’ N(D, 1, b^{2}-1)=2$ .
$b>$ I $Ds^{2}=b^{2}-2$ $s$
(ii) $D>1$ $N(2,1,3)=3$ $N(D, c, k)\leq 2$
$\frac{k^{n}-1}{k-1}$ Walker ([Wa])
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1. $c_{f}k$ $D>1$ $ck$
$Dx^{2}-1=ck^{n}$ $(x, n\in \mathbb{Z}, x\geq 1, n\geq 1)$ (6)
$(x, n)$ $N’(D, c, k)$
(i) $k\neq 3$ $N’(D, c, k)\leq 2$
$N’(D, c, k)=2$ $(x_{1}, n_{1}),$ $(x_{2}, n_{2})$ $n_{1}\not\equiv n_{2}mod 2$
(ii) $k=3$ $N’(D, c, k)\leq 3$ $(c=k=3$ $N’(D,$ $3,3)\leq 2)$ .
$(x, n)$ $n$ 2 $n$ 1
Remark 2. Theorem 4, 1 Remark (5), (6)
$D=c=1$ $x^{2}-\lambda=k^{n}(\lambda=\pm 1, n>1)$
$(x, k, n, \lambda)$ Yuan (cf. [Ca], [Ch]),





Ankeny-Chowla, Mollin ([AC], [Mo])
2.2.1 $\mathbb{Q}(\sqrt{2^{2e}-q^{n}}),$ $\mathbb{Q}(\sqrt{3^{2e}-4q^{n}})$
$n$ Ankeny-Chowla
Theorem 5. (Ankeny and Chowla, [AC]). $n>0$ $x$ 2 $|x$
$0<x<(2\cdot 3^{n-1})^{\frac{1}{2}}$ $d:=3^{n}-x^{2}$
$n|h(-d)$ ( 2 $h(-d)$ $\mathbb{Q}(\sqrt{-d})$ ).
Ankeny-Chowla Mollin
$d$ $\sigma$ $d\equiv 1mod 4$ $\sigma=2$ ,
$-d\equiv 2,3mod 4$ $\sigma=1$ Mollin
Theorem 6. (Mollin, [Mo]). $n>1,$ $k>1,$ $x>0$ $-d:=$
$x^{2}-\sigma^{2}k^{n}<0$
(1) $n$ $x\neq 2k^{\frac{n}{2}}-1$ $n|h(-d)$
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(2) $n$ $x\neq\lfloor\sigma k^{\frac{n}{2}}\rfloor$ $n|h(-d)$
$\lfloor\cdot\rfloor$ fioor





([Ki], [Itl], [It2]). Ankeny-Chowla Theorem 5
$k=3$ $x$ 2
Theorem 7. ( [Ki]). $n$ $e$ $2^{2e}<3^{n}$
$(n, e)\neq(3,2)$ $\mathbb{Q}(\sqrt{2^{2e}-3^{n}})$ $n$
$k$
2. $q>0$ $n$ $e$ $2^{2e}<q^{n}$
(1) $q\equiv 1mod 4$ $\mathbb{Q}(\sqrt{2^{2e}-q^{n}})$ $\neq \mathbb{Q}$ ( ) $n$
(2) $q\equiv 7mod 8$ $\mathbb{Q}(\sqrt{2^{2e}-q^{n}})\neq \mathbb{Q}(\sqrt{-3})$ $n$
(3) $q\equiv 3mod 8$ (i) $e\equiv$ lmod2 (ii) $n\not\equiv 3mod 6$
$\mathbb{Q}(\sqrt{2^{2e}-q^{n}})\neq \mathbb{Q}(\sqrt{-3})$ $n$
2 (3) $n\equiv 3mod 6$ $e\equiv 0mod 2$
$\mathbb{Q}(\sqrt{2^{2e}-q^{n}})$ $n$
Example 1. $(q, n, e)=$ (11,3,4)
$2^{2e}-q^{n}=2^{8}-11^{3}=-1075=5^{2}\cross(-43)$
$\mathbb{Q}(\sqrt{-43})$ 1 $n=3$
$q\equiv 11mod 12$ $\mathbb{Q}(\sqrt{2^{2e}-q^{n}})\neq \mathbb{Q}(\sqrt{-3})$
1. $q\equiv 11mod 12$ $n$ $e$
$2^{2e}<q^{n}$
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(1) $q\equiv$ ll mod24 (i) $e\equiv$ lmod2 (ii) $n\not\equiv 3mod 6$
$\mathbb{Q}(\sqrt{2^{2e}-q^{n}})$ $n$
(2) $q\equiv 23mod 24$ $\mathbb{Q}(\sqrt{2^{2e}-q^{n}})$ $n$
2 $\mathbb{Q}(\sqrt{3^{2e}-4q^{n}})(q\neq 3$ $e\geq 1$ $)$
Theorem 3
3. $q\neq 3$ $n>0,$ $e\geq 1$ $3^{2e}<4q^{n}$
$3^{2e}-4q^{n}=m^{2}D$ ( $D<0$ $m>0$ )
(1) $q\neq 3$
(1.1) $n\equiv 2mod 4$ $2q^{n/2}-3^{e}(e\equiv 0mod 2)$ $2q^{n/2}+3^{e}(e\equiv 1$
mod2) $n/2|h(D)$
(1.2) (1.1) $n|h(D)$
(2) $q=2$ $(n, e)\neq(6,2)$
(2.1) $n\equiv 2mod 4_{f}e\equiv 1mod 2$ $2^{(n/2)+1}-3^{e}$ $n/2|h(D)$
(2.2) (2.1) $n|h(D)$
$(*)(q, n, e)=(2,6,2)$ $\mathbb{Q}(\sqrt{3^{22}-42^{6}})=\mathbb{Q}(\sqrt{-7}),$ $6\{h(-7)=1$ .
3 (1.1), (2.1)
Example 2. (1) $(q, n, e)=(5,2,2)$ $\beta_{\backslash }\yen,$ $2q^{n/2}-3^{e}=2\cdot 5^{2/2}-3^{2}=1$
$2q^{n/2}-3^{e}$
$m^{2}D=3^{2e}-4q^{n}=3^{4}-4\cdot 5^{2}=1^{2}\cross(-19)$
$m=1,$ $D=-19$ $h(-19)=1$ 2 $\{h(-19)$ $2/2=$
$1|h(-19)$
(2) $(q, n, e)=(2,2,1)$ $2^{(n/2)+1}-3^{e}=2^{(2/2)+1}-3^{1}=1$ $2^{(n/2)+1}-3^{e}$
$m^{2}D=3^{2e}-2^{n+2}=3^{2}-2^{2+2}=-7$
$m=1_{f}D=-7$ $h(-7)=1$ 2 $\{h(-7)$ $2/2=1|$
$h(-7)$
3 Mollin Theorem 6 $\sigma=2,$ $k$ $x$ 3
3
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2. $q\neq 3$ $n>0,$ $e\geq 1$ $3^{2e}<4q^{n}$
(1) $q\equiv$ lmod3 $n\equiv 0,1,3mod 4$ $n|h(D)$











$N$ $\wp$ $(q)$ $(q$ $\mathbb{Q}(\sqrt{3^{2e}-4q^{n}})/\mathbb{Q}$
). 3 (1.1), (2.1) $(q, n, e)$
$\pm\alpha$
$O_{\mathbb{Q}(\sqrt{3^{2e}-4q^{n}})}$ $p$ ($p$ $n$ )
$[\wp]$ $n$




(1.1) $n\not\equiv 2mod 4$ .
(1.2) $n\equiv 2mod 4$ $2q^{n/2}-3^{e}$ ( $e\equiv$ Omod2)
(1.3) $n\equiv 2mod 4$ $2q^{n/2}+3^{e}$ ( $e\equiv$ Imod2)
(2) $q=2$ $(n, e)\neq(6,2)$
(2.1) $n\not\equiv 2mod 4$ .
(2.2) $n\equiv 2mod 4$ $2^{(n/2)+1}-3^{e}(e\equiv 1mod 2)$
$\pm\alpha=(\frac{a+b\sqrt{D}}{2}I^{p}$
$a,$ $b\in \mathbb{Z}$ $($ $a\equiv b\equiv 1mod 2)$
$P=2,$ $p\geq 3$ $\pm\alpha=(\frac{a+b\sqrt{D}}{2})^{p}$




$(x, y)=(m, n),$ $(|b|, n/p)$
$q$
$D_{1}x^{2}+3^{2e}=4q^{y}(D_{1}>0$
) $(x, y)$ Theorem 3
$($ (2, $D_{1},3^{2e},$ $q)\not\in \mathcal{E},$ $(D_{1},3^{2e},$ $q)\not\in \mathcal{F}\cup \mathcal{G}\cup \mathcal{H}_{2}$ $)$ .




$\beta$ $\mathbb{Q}(\sqrt{3^{2e}-4q^{n}})\neq \mathbb{Q}(\sqrt{-1}),$ $\mathbb{Q}(\sqrt{-3})$
$O_{\mathbb{Q}(\sqrt{3^{2e}-4q^{n}})}^{\cross}=\{\pm 1\}$
$\pm\alpha=\beta^{n’}$








Theorem 8. (Le Maohua, [Le5]). $k>1,$ $n>0$ 1 $-4k^{n}=$
$-m^{2}D<0$ ( $D>3$ $m>0$ ).
$(m, D, k, n)\neq(3,7,2,4)$




4. ( $I$ , [It2]). $k>1$ $n>0$
(1) $k\neq 5,13$ $\mathbb{Q}(\sqrt{1-4k^{n}})$
$n$ $n$ 2 4
$\mathbb{Q}(\sqrt{1-4k^{n}})$ $n/2$
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(2) $k=5$ $\mathbb{Q}(\sqrt{1-4k^{n}})$ $n=2,4$ $n$
$\mathbb{Q}(\sqrt{1-45^{2}})=\mathbb{Q}(\sqrt{-11}),$ $\mathbb{Q}(\sqrt{1-45^{4}})=\mathbb{Q}(\sqrt{-51})$
1, 2 $n/2$ $n$
(3) $k=13$ $\mathbb{Q}(\sqrt{1-4k^{n}})$ $n=2,8$ $n$
$\mathbb{Q}(\sqrt{1-413^{2}})=\mathbb{Q}(\sqrt{-3}),$ $\mathbb{Q}(\sqrt{1-413^{8}})=\mathbb{Q}(\sqrt{-6347})$
1, 28 $n/2$ $n$
$\mathbb{Q}(\sqrt{1-4k^{n}})$ $n/2$ $n$
(Theorem 8 (1) )
$k\neq 5,13$ Theorem 8 (1)
$\mathbb{Q}(\sqrt{1-4k^{n}})$ $\mathcal{O}_{\mathbb{Q}(\sqrt{1-4k^{n}})}$
$k$ $x^{2}+1=2k^{z}$ $(x, z)$
$x^{2}+1=2y^{z}$ $(x, y, z)$
([Ri], [BS] ), $z>1$ $y>1$
$(x, y, z)$ $x^{2}+1=2y^{4}(y>1)$
$(x, y, z)$ $y=$ I3 $x^{2}+1=2y^{z}$




Remark 3. 4 Remark $k\geq 3$
3 $mod 4$ $\mathbb{Q}(\sqrt{1-4k^{n}})$
$n$ Louboutin ([Lo] ). Louboutin
4 ;
$k>1$ $k$ 3
$mod 4$ $\mathbb{Q}(\sqrt{1-4k^{n}})$ $(n=2,4$ $)$ $n$ $k(\neq$
$5,13)$ 1 $mod 4$ $\mathbb{Q}(\sqrt{1-4k^{n}})$
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